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Abstract. We applied a variety of statistical tests to verify the evolutionary connections between different evolu-
tionary stages of supergiant stars – OB, YSG and RSG on one hand, and their evolved counterparts on the other – 
WR-stars, Cepheids and supernova remnants. To do so, we compared the spatial distributions in the M33 galaxy 
among all these types of stars. 
We found that there are significant (at 98%) correlations on the scale of  0.7 to 4.75 kpc between several pairs, 
most notably WR – BSG, BSG – YSG, and pairs involving supernova remnants, which vanish on the galactic 
scale. We propose that this effect is likely due to a clumpy star formation structure. 
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1. INTRODUCTION 
Massive stars provide key challenges to theore-

tical models and observations alike. Despite their 
smaller number relative to lower-mass stars, they 
greatly influence their environment. These objects 
release a lot of energy and material via radiation, 
winds and eventually via explosions as core collap-
se supernovae. Thus, massive stars facilitate star 
formation by triggering star formation and enri-
ching their environment with metals (Massey, 
2003). 

Present-day theoretical models include a variety 
of parameters which influence stellar evolution. 
Even though there are many complex scenarios 
(Maeder, 1996; Massey & Johnson, 1998), they all 
agree that the mass-loss rate plays a critical role 
(Maund et al, 2017). 

Stellar populations provide a snapshot of the va-
rious stages that massive stars can go through. 
Observational data constrain the importance of 
factors such as metallicity and binarity, validate the 
theoretical models and provide constraints for their 
further development. This is especially true for gala-
xies in the Local Group where individual stars can 
be more easily resolved (Maund et al, 2017; Massey 
et al, 2016). 

To explore the evolutionary connections among 
various evolutionary stages of massive stars, this 
article poses the question how the spatial distribu-
tions of evolved objects (Wolf – Rayet stars, super-
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novae remnants; WR and SNR, hereafter) are 
related to the spatial distributions of their possible 
progenitors – blue and red supergiants (BSG and 
RSG, respectively). In particular, we are interested 
in the spatial distributions of Cepheid (CEP) variab-
les and their progenitors – yellow supergiants 
(YSGs). 

We follow in the footsteps of Georgiev & Ivanov 
(1997) but we consider more classes of massive 
stars, including SNRs – their non-stellar evolved 
counterparts. This allows us to compare some 
suspected progenitor – evolved object pairs (for 
example, BSG – WR, RSG – SNR) with a secure 
"benchmark" pair YSG – CEP. Furthermore, our 
sample is significantly larger and we apply a more 
robust ensemble of statistical tests in our analysis. 

2. OBSERVATIONAL DATA 
We used three different data sources. First, the 

Local Group Galaxy Survey (LGGS; Massey et al. 
2016) contains a sample of ~150 000 sources; 2290 
of them with known spectral types. We selected: 
– BSGs: O and B types, luminosity class I; 431 ob-

jects. 
– YSGs: F and G types, luminosity class I, inclu-

ding all stars labelled "YSG" explicitly; 156 
objects. 

– RSGs: K and M types, luminosity class I, inclu-
ding all stars labelled "RSG" explicitly; 237 
objects. 
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– WR: WC and WN types. The LGGS does not 
contain any WOs; 197 objects. 
The CEPs were selected from the synoptic 

survey of Pellerin & Macri (2011). It consists of 
BVI observations of ~793 000 stars, 663 of them 
confirmed CEPs. We verified them (even the 
initially rejected ones) with multi-epoch observa-
tions obtained from 2012 to 2015 with VST 
OmegaCam (Kuijken et al, 2011). We matched ob-
jects using nearest neighbors with max matching 
radius of 0.8". Our final sample contains 607 confir-
med CEPs with periods determined by the Lomb – 
Scargle method. 

Finally, we used the XMM – Newton supernova 
remnant survey (Garofali et al, 2017) that contains 
X-ray observations of SNRs in M33. It consists of 
deep observations on an eight-field mosaic of M33 
with a total exposure of 900 ks and yielded 105 
SNRs confirmed at the 3σ -level. 

3. COORDINATE DEPROJECTION 
To compare the physical distances within M33, 

we transformed the equatorial coordinates ( ),α δ  to 
orthogonal coordinates ( ),x y  in kpc, relative to the 
center of the galaxy. We assume that M33 is a cir-
cular disk with the following geometric parameters: 

– Coordinates of the center: 1 33 50.904h m s
Cα = ; 

𝛼𝛼𝑐𝑐 = 1ℎ 33𝑚𝑚 50.904𝑠𝑠; 𝛿𝛿𝑐𝑐 = +30∘ 39′35.79′′ 
(Skrutskie et al. 2006). 

–  Position angle: 𝑃𝑃 = 23.0∘ (Gil de Pas et 
al. 2007). 

– Inclination angle: 𝑖𝑖 = 51.0∘ (de 
Vaucouleurs 1959). 

– Distance: 𝑑𝑑 = 840 kpc (Freedman et al. 
1991). 

We then converted the rectangular coordinates 
to galactocentric distances using: 

𝑟𝑟𝑔𝑔𝑔𝑔𝑔𝑔 = �𝑥𝑥2 + 𝑦𝑦2 (1) 
 

4. DISTRIBUTION FUNCTION 
Similar to Georgiev & Ivanov (1997), we 

will compare the normalized cumulative 
distributions of galactocentric distances: 

𝑃𝑃(𝑟𝑟) = 𝑁𝑁(𝑟𝑟)/𝑁𝑁𝑡𝑡𝑡𝑡𝑡𝑡𝑔𝑔𝑔𝑔 (2) 

that gives the probability of finding a star from 
the specified population within a circle with 
radius 𝑟𝑟. Here, 𝑁𝑁(𝑟𝑟) is the number of stars from 
a given population with 𝑟𝑟𝑔𝑔𝑔𝑔𝑔𝑔 ≤ 𝑟𝑟, and 𝑁𝑁𝑡𝑡𝑡𝑡𝑡𝑡𝑔𝑔𝑔𝑔 is 
the total number of stars in that population. 

Figure 1 displays the resulting function for 
all classes. The maximum distance differs 
among the classes: for example, there are no 
WR stars in the outermost regions. However, 
we found that excluding the outermost objects 
to compare the distributions over the same 
spatial region has no effect on our conclusions. 

 
Fig. 1 Distribution functions 𝑃𝑃(𝑟𝑟) for all classes in 
our sample. 
 

5. STATISTICAL TESTS 
First, we formulated the following 

hypotheses: 
𝐻𝐻0: The observed samples come from the 

same distribution 
𝐻𝐻1: The observed samples do not come from 

the same distribution 
Then we compared the spatial distributions, 

applying on each pair of stellar populations 
three statistical tests, for robustness. Hereafter 
we adopted a significance level limit of 𝛼𝛼 =
0.98. 

5.1. Kolmogorov – Smirnov Test 
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The two-sample Kolmogorov – Smirnov 
Test (KST) is a non-parametric hypothesis test 
which measures the probability that two 
univariate samples are drawn from the same 
distribution. It is commonly used in astronomy 
because it does not depend on the distribution 
(as long as it is continuous), there are no sample 
size restrictions and the result is easy to 
interpret. 
The test statistic is defined as 

𝐷𝐷 = max |𝐹𝐹1(𝑥𝑥) − 𝐹𝐹2(𝑥𝑥)| (3) 
where 𝐹𝐹1(𝑥𝑥) and 𝐹𝐹2(𝑥𝑥) are the empirical 
cumulative distribution functions, with sample 
sizes 𝑛𝑛 and 𝑚𝑚 respectively. 

The null hypothesis is rejected at confidence 
level 𝛼𝛼 if 

𝐷𝐷 > 𝑐𝑐(𝛼𝛼)�
𝑛𝑛 + 𝑚𝑚
𝑛𝑛𝑚𝑚

 (4) 

where 𝑐𝑐(𝛼𝛼) = �−0.5 ln (𝛼𝛼). 

Figure 2 displays the obtained p-values. The 
KST rejects the null hypothesis at the 98% 
level. These results confirm the initial findings 
of Georgiev & Ivanov (1997) that the galactic 
distribution of evolved objects does not simply 
follow the distribution of their predecessors. In 
addition, we found that this applies to more 
pairs of object classes (the original article 
focuses solely on WR – BSG, and WR – (BSG 
+ RSG) pairs.  

 

 
Fig. 2 The KST p-values for all pairs of samples. 
 

5.2. Mann – Whitney U Test 
The KST has some shortcomings. Most of all, 
it is highly sensitive to any differences in the 
distributions. The Mann – Whitney U test 
(MWUT) is more robust, being sensitive mostly 
to changes in the sample’s median values. 
Similar to KST, it is also non-parametric. It 
applies easily to discrete distributions, however 
this test should only be used when the size for 
each sample is sufficiently large: 20 objects or 
more (Harding 1983). 

The MWUT statistic is obtained by ranking 
all data points (for example, smallest to largest). 
For the two datasets, the sums of ranks 𝑅𝑅1,𝑅𝑅2 
are computed: 

𝑈𝑈1 = 𝑅𝑅1 −
𝑛𝑛(𝑛𝑛 + 1)

2
 (5) 

𝑈𝑈2 = 𝑅𝑅2 −
𝑚𝑚(𝑚𝑚 + 1)

2
 (6) 

where 𝑛𝑛 and 𝑚𝑚 are the sample sizes. The test 
statistic is then given by 

𝑈𝑈 = min(𝑈𝑈1,𝑈𝑈2) (7) 
𝑈𝑈 has a known distribution but is commonly 
approximated by a normal distribution for large 
enough samples (Harding 1983). 
Figure 3 shows the MWUT p-values. Again, the 
null hypothesis is rejected at the 98% level, but 
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Fig. 3 The MWUT p-values for all pairs of samples. 

 
this test provides an insight into some 
correlations. For example, the highest p-value 
corresponds to the pair SNRs – CEPs. We are 
going to discuss these in the next section. 

5.3. Anderson – Darling Test 
The multi-sample Anderson – Daring test 

(ADT; Scholz & Stephens 1987) is a 
modification of the KST. While the KST is 
more sensitive to the center of the distribution, 
the ADT gives more weight to the tails, 
therefore it has better statistical power for 
distributions with strong tails. It is non-
parametric as well. 

The ADT statistic is based on the sum of 
squared differences between the empirical 
sample distribution functions and that of the 
combined sample. Because of the underlying 
distribution, this test is capped at 25% 
significance (e.g. if two distributions yield 
𝑝𝑝 > 25%, we are not able to see the exact 
percentage). Nevertheless, we considered the 
ADT because other tests reject the null 
hypothesis at very low p-values. The ADT 
provides an additional consistency check. 

Figure 4 shows the ADT p-values. The 
results agree with the other tests. There are 
indications for some correlations, e.g. for SNRs 
– CEPs and for SNRs – WRs. 

 
Fig. 4 The ADT p-values for all pairs of samples. 
The p-values are capped at 25% but none of the 
samples, except the identical pairs, is close to this 
value.  

 
6. DISCUSSION AND CONCLUSIONS 
In agreement with Georgiev & Ivanov 

(1997), we concluded that the radial 
distributions of more evolved stars do not 
simply follow those of their suspected 
progenitors but we explored a larger number of 
evolutionary stages and our study is based on a 
richer sample. Importantly, the correlation 
analysis using all three statistical tests arrived at 
the same conclusion. 

 The evolutionary connection between 
YSGs and CEPs is well known (e.g. Rodgers 
1957, Turner 1996), therefore the pair YSG – 
CEP can be used to verify the reliability of our 
conclusions. None of the tests indicates a YSG 
– CEP correlation. The result supports the 
proposition that evolutionary connections may 
be traced back to correlations between spatial 
distributions but this alone cannot explain the 
majority of the suspected causal relationships. 

However, looking back at Figure 1, we can 
see that even though there are differences in the 
overall distributions, it seems like they follow 
each other within some regions. For example, 
SNRs follow WRs closely in galactocentric 
distances approx. [2.8; 5.4] kpc. Outside of this  
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Fig. 5 Local correlation of SNRs and WRs in the 
intermediate region of M33. p-values: KS = 
95.06%; MWUT = 95.68%; ADT > 25.00%  
region, SNRs follow CEPs more closely than 
WRs. This is shown in Figure 5.  

Therefore, we can apply the statistical tests 
to compare the distributions of objects within 
rings (or circles, if 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚 = 0). The results are 
presented in Table 1. We have selected only 
intervals with at least 20 members and  
𝑎𝑎 ≥ 98% (the ADT p-values is > 25% in all 
presented pairs). We favored longer intervals 
over higher p-values. 

We can see that near the center, SNRs tend 
to follow Cepheids more closely, and at larger 
𝑟𝑟, their spatial distribution correlates better  
with WRs. 

Contrary to Georgiev & Ivanov (1997), we 
also found indication of a strong relationship 

between WRs and BSGs spanning an annulus 
of ~60% of the galactic radius. 

The test presented here failed to find a 
significant galactic-scale relationship between 
𝑃𝑃(𝑟𝑟) for the given pairs of objects. However, 
we were able to extract such relationships on a 
scale of 0.7 – 4.75 kpc (~7-50% of the galactic 
radius). This may be an indication that a clumpy 
structure dominates stellar formation in M33. 
As each individual clump has a random age, the 
correlations between stellar populations vanish 
on the galactic scale. This proposition requires 
further study, including comparison by both 
𝑟𝑟𝑔𝑔𝑔𝑔𝑔𝑔 and polar angle 𝜑𝜑, and taking into account 
the characteristic timescales of clumps to the 
lifetimes of each stellar population. 

Another consideration would be estimating 
the binary fraction of M33. Binary interactions 
have a drastic effect on the evolution of massive 
stars, most notably on WRs (Dorn-Wallenstein 
& Levesque, 2018). 
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TABLE 1. The KST an MWUT p-values of object pairs restricted by galactocentric distance between 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚 
and 𝑟𝑟𝑚𝑚𝑔𝑔𝑚𝑚 in kpc. 𝑛𝑛 and 𝑚𝑚 are the sizes of the first and second subsample respectively. 

Pair rmin rmax n m KST MWUT 
BSG – YSG 2.30 5.95 270 75 98.67% 99.53% 
BSG – RSG 3.95 5.35 83 68 98.56% 98.96% 
BSG – WR 3.20 7.95 198 58 99.16% 99.60% 
BSG – CEP 1.00 1.70 63 114 98.09% 99.63% 
BSG – SNR 1.60 2.85 99 40 98.60% 98.70% 
YSG –RSG 3.20 5.50 52 126 98.74% 99.36% 
YSG – SNR 2.95 4.75 42 26 99.52% 99.50% 
RSG – CEP 3.35 4.35 57 80 98.62% 98.08% 
WR – CEP 3.85 5.15 21 111 99.02% 98.01% 
CEP – SNR 0.45 1.75 163 32 97.87% 99.32% 
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